, a one-dimensional family of "Euler" stability conditions on P n are conjectured to converge to Gieseker stability for coherent sheaves. Here, we focus on P 3 , first identifying Euler stability conditions with double-tilt stability conditions, and then we consider moduli of one-dimensional sheaves, proving some boundedness results for walls and then explicitly computing walls and wall-crossings for sheaves supported on rational curves of degrees 3 and 4.
INTRODUCTION
In [ABMP] , a one-parameter family of Euler stability conditions on the derived category of coherent sheaves on P n was introduced, and it was conjectured that the moduli of Euler-stable complexes for large t coincides with the moduli of Gieseker-stable sheaves. Here, we look at the conjecture for objects in D b (P 3 ) of class (0, 0, ch 2 > 0, ch 3 ), i.e. the class of a one-dimensional coherent sheaf.
We give a brief introduction to Bridgeland Stability Conditions in section 2. In section 3 we define the one-parameter family of Euler stability conditions σ t = (A t , Z t ) on any projective space P n .
On P 3 , there is a construction of stability conditions σ α,β,s = (A α,β , Z α,β,s ) by the doubletilting approach ( [BMT13] , [Mac14b] ). We show that the Euler stability on P 3 is an additional tilt of a slice of the family of double-tilt stability conditions. We denote this slice of stability conditions by σ
is the value of the Hilbert polynomial P (k) = χ(P 3 , E (k)) at k = t , and χ t is the derivative of χ t .
Section 4 is evidence for the main conjecture: for any fixed class v ∈ K num (P 3 ) of a one-dimensional sheaf on P 3 , there is a number t v ∈ R such that for all t > t v , σ t -stable objects in the heart A t are exactly Gieseker stable sheaves.
In section 4, we extend the stability condition σ B t t to the "(t , u)" upper half plane by modifying the central charge to be Z t ,u = −χ t + u 2 2 χ t + i · χ t . The pair σ t ,u = (B t , Z t ,u ) is 1 arXiv:2002.00442v1 [math.AG] 2 Feb 2020 a stability condition, analogous to the construction of tilt stability on surfaces. We start by studying the asymptotic behavior of a fixed object E for u >> 0.
Theorem 1.1. For any fixed t , and any object E in B t whose class is (0, 0, ch 2 > 0, ch 3 ), there exists a u 0 > 0 such that for all u > u 0 , E is σ t ,u -stable if and only if E is a Gieseker stable sheaf.
Next, we consider the boundedness of the walls for any given class of a one-dimensional sheaf v ∈ K num (P 3 ). There are bounded and unbounded parts of potential walls. We find that the bounded walls satisfy |t −2−ch 3 /ch 2 | ≤ ch 2 +2 2ch 2 . The unbounded walls remain somewhat of a mystery. We expect that unbounded potential walls are not actual walls.
In section 5 we generalize the duality results in [Mai10] (for sheaves supported on projective curves) and in [Mar17] (for any class of a one-dimensional sheaf in D b (P 2 )) to a duality result for one-dimensional classes in D b (P 3 ). For a one dimension class v ∈ K num (P 3 ) and an object E of this class, define its dual as E D := RHom(E , ω P 3 ) [2] . The main result is the following:
In sections 6 and 7, we study the wall-crossings of the class of a twisted cubic to support our conjecture. There was work on the class of ideal sheaves of space (rational and elliptic) curves in [Xia18] [Sch16] [GHS] [Sch15] and it was shown that the last moduli space was the Hilbert scheme of curves. For the class of the structure sheaf of the twisted cubic, the main result is the following: Theorem 1.3. For the class v = (0, 0, 3, −5) ∈ K num (P 3 ), there are two walls in A 1 defined by the short exact sequences:
In the first sequence, the object Q[1] has dimension vector [0, 2, 3, 0] with two generic stable representatives: shifts I C [1] and F[1], where F is a coherent sheaf containing torsion.
In the second exact sequence, Λ ⊂ P 3 is a hyperplane and F 1 is a complex fitting in the short exact sequence:
The moduli spaces in the three chambers are as follows:
(1) In the innermost chamber enclosed by W 1 (t ∈ (0, 0.35)), the moduli space is empty.
(2) In the chamber between W 1 and W 2 (t ∈ (0.35, 0.72)), the moduli space consists of two components: K (2,3) , a smooth 12−dimensional Kronecker moduli space and M F , a P 3 bundle over a closed 5−dimensional smooth flag variety H ⊂ K (2,3) . (3) In the third chamber (t ∈ (0.72, 1]), M F disappears, K (2,3) is blown up along H as B := Bl H (K (2,3) ). There is another component P added in, glued to B along the exceptional divisor of B. P is the relative Simpson scheme over P 3∨ , fibered by the scheme M 3t +1 P 2 on a plane in P 3 .
The moduli space defined by the outermost chamber is the same as the Gieseker moduli of the class (0, 0, 3, −5) ( [FT04] ).
We fix a finite rank lattice Λ with a fixed norm || · || on the lattice. Let v be a surjective linear map: v : K 0 (A) → Λ. We require that the function Z factors through a finite rank lattice for a Bridgeland stability condition, i.e. Z : K 0 (A) v → Λ → C. The lattice is usually chosen as the numerical classes, i.e. Λ = (H n ch 0 , H n−1 ch 1 , ..., H n−l ch l ) ⊂ K num (X ). The pair σ = (A, Z ) is usually called a pre-stability condition. It will be a stability condition if it satisfies the support property. E has a finite filtration 0 = E 0 ⊂ E 1 , ⊂ ..., ⊂ E n = E , in A such that the quotients F i := E i /E i −1 are semi-stable and their slopes are strictly decreasing: µ(v(F 1 )) > µ(v(F 2 )) > ... > µ(v(F n )). (b) σ satisfies the support property:
For a fixed norm || · || on Λ, there exists a C > 0 such that for all semi-stable object E ∈ A, ||v(E )|| ≤ C |Z (E )| holds.
The support property has an equivalent definition using a bilinear form Q on the lattice ( [BMS16] , [PT19] ):
Definition 2.5. A pre-stability condition σ = (A, Z ) satisfies the support propery if there is a bilinear form Q on Λ ⊗ R such that (a) All σsemistable objects E ∈ A satisfy the inequality Q(v(E ), v(E )) ≥ 0.
The Bridgeland stability condition can be equivalently defined on a triangulated category as well ( [Bri07] , [MS17] ).
The last property is the Harder-Narasimhan filtration of E in D b (X ).
Definition 2.7. A Bridgeland Stability condition on
P is a slicing, Z : Λ → C is a linear map (the central charge), satisfying the following properties:
(1) For any non-zero E ∈ P(φ), we have
(2) (support property) There exists a constant C > 0, such that ||v(E )|| ≤ C |Z (E )| for
Define a category from the slicing as A := P((0,1]) which is the extension closure of those slices P(φ) : φ ∈ (0, 1] . The category A is then a heart of a bounded t-structure.
The stability condition defined by the pair (P, Z ) is equivalent to giving a stability condition: (A, Z ) ([Bri07] Prop 5.3).
2.2.
Construction of stability conditions on P 3 by the tilting approach. In this subsection, we will recall a construction of stability conditions on P 3 . The construction is a general approach and it works (may need some modifications) for other kinds of threefolds X as well (smooth quadrics [Sch14] , abelian threefolds [MP15] , [MP16] , [BMS16] , Fano threefolds [Li19b] , [BMSZ17] , Some Calabi-Yau threefolds [BMS16] , [Li19a] ). There are properties satisfied by a more general threefold than just the P 3 , so we will use X and P 3 interchangeably if there is no confusion.
The stability conditions on a smooth curves C is essentially the Mumford stability ([Bri07] [Mac07a]), and the stability condition can be written as the pair σ = (C oh(C ), Z = −d eg +i ·r k). However, in higher dimensions (dim ≥ 2), the category of coherent sheaves can no longer be used as the heart to define stability conditions. A proof can be found in [Tod09] (Lemma 2.7).
A conjectural approach for the construction was introduced in [BMT13] where the stability condition was defined by a pair σ = (A, Z ). The heart A was obtained from tiltings of C oh(X ), and the central charge was defined as Z := − X e −i ω · ch B (E ). We recall some facts that it works for P 3 .
Definition 2.8. Define the twisted Chern characters as ch B := ch · e −B .
By expanding ch · e −B , we have the first few twisted Chern characters as:
Let H be the ample class O P 3 (1) on P 3 . In this paper, the class B will be a multiple of H as B = βH ,(β ∈ R), and ch βH will be denoted as ch β for short. Define the slope function on C oh(P 3 ) as
The slope function will then define a torsion pair:
A new heart of a bounded t-structure is defined as the extension closure C oh β (P 3 ) :=
With the lattice Γ := (H 3 ch 0 , H 2 ch 1 , H ch 2 ), and any α > 0, define a linear
The pair (C oh β (P 3 ), Z α,β ) is a weak stability on P 3 since Z α,β maps a skyscraper sheaf to 0. This is usually called the tilt stability which was first introduced in [BMT13] .
be the slope defined by Z α,β . We have a Bogomolov inequality for tilt stable objects: Theorem 2.9. ([BMT13], Cor 7.3.2). For any ν α,β semistable objects E ∈ C oh β (X ), we have
For smooth surfaces, a single tilt would be sufficient to define stability conditions ( [Bri08] , [AB13], [BM11] ). However, it is not enough for a threefold, and we need to make another tilt.
Define a torsion pair on C oh β (P 3 ) as:
Similarly, we define the new heart of a bounded t-structure as A α,β (P 3 ) :
The central charge that works for the heart A α,β (P 3 ) and the bilinear form Q defining the support property were defined as follows: ([BMT13] , [Mac14b] , [Sch16] )
where E ∈ A α,β , R = ch 0 (E ), C = ch 1 (E ), D = ch 2 (E ), E = ch 3 (E ) and some K ∈ (1, 6s + 1).
Theorem 2.10. ([BMT13] , [Mac14b] ). (A α,β ((P 3 )), Z α,β,K ) is a Bridgeland Stability Condition on P 3 for all β ∈ R, and α, s > 0. The support property is satisfied with respect to Q α,β,K .
Furthermore, we have a continuity result for threefolds from [BMS16] , and the result for surfaces was given in [Bri08] , [AB13], [BM11] .
THE EULER STABILITY
We start with defining the Euler stability on P n based on [ABMP] in section 3.1. See [ABMP] for further details on Euler stability. And then in section 3.2, we focus on the three dimensional case and show that the Euler stability on P 3 can also be defined by the tilting approach.
3.1. The Euler stability condition on P n . We start with defining the category.
is the extension closure of a strong exceptional collection on P n . A general element E ∈ A m is a complex:
Next, we define the central charge as Z t := χ t + i · χ t , where χ t is the twisted Euler characteristic. More precisely,
Proof. We need to show that for any E ∈ A m , Z t (E ) is in the upper half plane H := {e i πφ :
It is equivalent to the statement that χ t (E ) ≥ 0, and if χ t (E ) = 0 then we must have χ t (E ) < 0. It's sufficient to check on those simple objects O P n (−m − n)[n], ..., O P n (−m) since they are the generators.
From a straightforward computation, χ t (O P n (−m)) = (t + n − m)(t + n − m − 1) · · · (t + 1−m)/n!, which is a polynomial, and all the roots are t = m −1, m −2, ..., m −n. The sign of this polynomial is given as:
(
= 0 when t = m, and in this case we have χ m (O P n (−m −1)[1]) = −χ m (O P n (−m −1)) < 0 from the graph of χ t (O P n (−m)).
• We use induction for the rest of the simple objects. It can be directly checked that
The extra shifts by [i ] will change the sign of χ t (O P n (−m − i )) by (−1) i , so the signs of χ m (O P n (−m −i ))[i ] are the same for all i = 0, 1, ..., n. We just showed that χ m (O P n (−m)) < 0 and χ m (O P n (−m − 1))[1] < 0. So the induction implies that χ m (O P n (−m − i ))[i ] < 0 for all i = 0, 1, ..., n which proves our claim.
The above proof indicates that the stability conditions can be extended to a continuous family. Definition 3.3. Define A t := A t (t ∈ R), where " t " means to round up to the closest integer which is no smaller than t .
Corollary 3.4. The pair σ t = (A t , Z t = χ t + i · χ t ) defines a family of pre-stability conditions on P n for t ∈ R.
Next, we show that σ t = (A t , Z t = χ t + i · χ t ) satisfies the support property, and then the pair will define a stability condition. We will show in the next proposition the support property in the bounded region t ∈ (0, 1], and the proof for all the other intervals is analogous.
Proposition 3.5. The pre-stability condition σ t = (A t , Z t = χ t +i ·χ t ) satisfies the support property for t ∈ (0, 1].
Proof. By definition, we need to find numbers C t > 0, such that |Z t (E )| ||v(E )|| > C t for any t ∈ (0, 1]. The category is then A 1 which is generated by the objects:
Observe that for any t ∈ (0, 1], the linear span U := {u = a 1 u 1 + a 2 u 2 + a 3 u 3 + a 4 u 4 |a i ≥ 0} is not the entire upper half plane, for instance, Figure 1 shows the case when t = 0.9. So we can find a line Γ t (the dotted line in the figure) such that all the objects in U have a non zero projection to Γ t . For any object u = 4 i =1 a i u i (a i ≥ 0), denote its projection to Γ t by p t (u), and let a t := mi n{|Z t (p t (u i ))| : i = 1, 2, 3, 4}, b t := max{||(u i )|| : i = 1, 2, 3, 4}.
3.2. The Euler Stability Condition on P 3 from tiltings. In this subsection, we will show that the Euler stability is indeed related to the stability σ α,β,s = (A α,β , Z α,β,s ) in the way that A t is another tilt of A α,β .
(1) The first tilt. The first tilt is made with respect to the first Todd class of P 3 (t d 1 (P 3 ) = 2H ). We start from the category C oh(P 3 ), and define the twisted Mumford slope as
This defines a torsion pair of C oh(P 3 ): (2) The second tilt. We define the weak stability function Z t := −χ t + i · χ t on C oh −t −2 (P 3 ) and its slope is given by:
This gives a torsion pair of the category C oh −t −2 (P 3 ) as
The pair defines a new category B t := 〈F β [1], T β 〉. The central charge for this category is defined as
Comparing Z t with Z α,β,s , we have α = 1 3 , β = −t − 2, and s = 1 3 . So the pair (B t , Z t ) is a stability condition and the support property is satisfied with respect to the quadratic form:
We now make another tilt of the category B t . The slope is defined as λ t = χ t /χ t by the central charge and it defines a torsion pair:
Denote the new category generated by the pair as A t := 〈F [1], T 〉, and let Z t =
Next, we show that the category A t is indeed equal to the category A t generated by the strong exceptional collection.
Proposition 3.6. The category A t is the extension closure of these objects:
where n := t .
Proof. A is a heart of a bounded t-structure since it is obtained from tiltings ([HRO96]). The category A t which is generated by the objects
is also a heart of a bounded t-structure from [Mac07b] (Lemma 3.14). Moreover, by [MS17] Prop 5.6 that two hearts must coincide if one is contained in another, it is suffi-
We will prove that the objects
, and the proof for a general t ∈ R will be just analogous. We will keep track of those line bundles
we make the series of tiltings.
The line bundles O P 3 (m) are Mumford stable for any m ∈ Z , so we have that they are also twisted Mumford stable. The fact that
Then we use the slope function ν t =
for the second tilt. It was proved in [Mac14b] and [Sch16] that line bundles and their
contains the following objects:
For the last tilt, we have the fact that line bundles and their shifts are stable, i.e.
Using the slope function
− 1/6ch 0 , the claim follows from a direct computation of those λ t (O P 3 (−i )[ j ])'s from the last step. So as desired, the objects
THE GIESEKER CHAMBER FOR EULER STABILTY
In this section, we work with the class v = (0, 0, m = ch 2 > 0, ch 3 ), and show part of the result that there exists a Gieseker chamber for the Euler stability condition σ t = (A t , Z t = χ t + i · χ t ) on P 3 . It is expected that the Gieseker chamber shows up for t >> 0, and for t << 0 stable objects are shifted Gieseker stable sheaves F [1] from the duality results.
We modify the stability condition on B t as σ t ,u = (B t , Z t ,u = −χ t + u 2 2 χ t +i ·χ t ) and work mostly in the (t , u) plane. σ t ,u is indeed a stability condition from [BMT13] , [Mac14b] . We start with describing the numerical walls, and then we study the asymptotic behavior of a fixed object for u >> 0. Finally, we work on the global walls for the class v. We also use the Euler characteristic χ = 2ch 2 +ch 3 (from Riemann-Roch) of the class v if it's more convenient.
Descriptions of numerical walls. Let E ∈ B t be an object whose class is v, and its
Hilbert polynomial is mt + χ. Suppose a potential wall is defined by the short exact
then a direct computation shows that its numerical wall falls into one of the following three possibilities in the (t , u) plane:
Type 1 Shown as the red walls in Figure 2 . There is a "vertical" part whose asymptote is defined by t = − ch 1 (A) ch 0 (A) − 2, and a bounded elliptic part. The green point in Figure  2 is defined as C := (− χ m , 0). It is the center of the "elliptic part", which means that all the "elliptic part" of the walls of Type 1 form a nested family with the center C . When the "elliptic part" is getting larger, it is growing faster to the left than to the right. Type 2 Shown as the blue wall in Figure 2 . This is when ch 0 (A) = 0 and ch 1 (A) = 0. The wall is a semi-circle with the center C (same C as in Type 1). All the semi-circles form a nested family with the center C . Type 3 The mirror image of Type 1, as shown in Figure 3 . The asymptote of the vertical part is defined by t = − ch 1 (A) ch 0 (A) −2 as well. We have the same center C of the nested "elliptic part" of walls of Type 3. In this case, the "elliptic part" is growing faster to the right than to the left. 
FIGURE 4. Numerical Walls
For Type 1 and 3, the "elliptic part" might not exist, but the vertical part always shows up.
Asymptotic results for sheaves and complexes.
We first show that for u >> 0, a sheaf E with class v is Gieseker stable if and only if it is σ t ,u stable.
Lemma 4.1. For a fixed t ∈ Q and a Gieseker stable sheaf E ∈ B t whose class is v, there
This implies that A ∈ C oh −t −2 ⊂ B t . So we have χ t (A) ≥ 0, and χ t (A) ≥ 0 (because they are the imaginary parts of the central charges on C oh −t −2 and B t ). Moreover, we have
In this case, A is a sheaf supported on points and this violates the fact that E is Gieseker stable. So χ t (A) > 0.
(1) Lower bound for
From the fact that ch 0 , ch 1 ∈ Z, ch 2 ∈ 1 2 Z, and
So we just need an upper bound for χ t (A). Consider the Harder-Narasimhan
Similarly for the Harder-Narasimhan filtration for E ∈ B t :
let j be the index which makes it the last one to have a positive slope, i.e.
In the short exact sequence 0
φ is a zero map because A i is extended by semistable objects with λ t > 0 and E /E j is extended by objects with λ t ≤ 0. So the morphism f lifts to a morphism f 1 from A i to E j where they are both extended by semistable objects in B t with positive slope λ t . Now we make another tilt from B t to A t and the morphism 0 → A i → E j stays the same in A t because they are both generated by objects with positive slope λ t . For a fixed E and t , the subobject E j and its dimension vector are fixed in A t . There are only finitely many choices of subobjects of E j in A t , and this implies that
Remark 4.2. The above proof works for all sheaves F ∈ C oh(P 3 ) by replacing χ t (E ) = m with χ t (F) as a fixed number.
only if E is σ t ,u − (semi)stable for all sufficiently large u (The bound of u can be chosen as
be the Bridgeland slope. The "if" part follows from the fact
class v, and the Bridgeland slope is equal to the Mumford slope.
For the "only if" part, suppose the claim is not true, then for any fixed u 0 >> 0 we can always find an
The expression of λ t ,u shows that lim u→∞ λ t ,u (A) = −∞ (for χ t (A) = 0). Using the boundedness results from Lemma 4.1, we actually have a universal bound and we have the following claim:
There exists an u ∈ R such that for all u > u and A → E ∈ B t , we have λ t ,u (A) < λ t ,u (E ). This violates the assumption that A destabilize E . So it implies that if E is not Euler stable for all large u (u > u ), then we must have ch −t −2
We then go back to the short exact sequence 0
This implies that ν(
= ∞ which contradicts with the fact that it is shifted from C oh −t −2 (P 3 ) to B t . So H −1 β (B ) = 0, and the short exact sequence
Similarly, consider its long exact sequence of cohomologies in C oh(P 3 ) as:
From the fact that ch 0 (A) = ch 0 (E ) = 0 and ch −t −2
, which is a contradiction unless one of H −1 (B ) and
H 0 (B ) is zero and the nonzero object has its twisted Mumford slope ∞. So H −1 (B ) = 0 and H 0 (B ) = 0 with
This shows that B is actually a sheaf, and the short exact sequence 0
. Now A is a subsheaf of E and they are both one-dimensional. We have that the slope λ t ,u for the class v coincides with the Mumford slope, so the
Next, we show that a σ t ,u − stable object for all u >> 0 must be a sheaf.
Proof. In C oh β we have the short exact sequence: Proof. E fits into the short exact sequence in B t :
It is sufficient to show that H −1 β (E ) = 0, and then the claim would follow from Lemma 4.4. Lemma 4.6. For a complex E ∈ B t whose class is v, there exists an u E such that for all
Proof. Consider the short exact sequence in B t as
we must have H −1 β (E ) = 0 and H −1 β (E ) = 0 otherwise Lemma 4.4 will tell us E is a sheaf.
The claim follows from the observation that
for u >> 0 and we can even find the critical point u E when we have the equal sign,
We are now ready to state the main theorem in this subsection. Finally, we show a bound of t for a complex E ∈ B t to exist in the category. Proof. E fits into the short exact sequence in B t as
where H −1 β (E ) and H 0 β (E ) are its cohomologies in C oh −t −2 (P 3 ). Assume ch 0 (H 0 β (E )) = R, ch 1 (H 0 β (E )) = C and ch 2 (H 0 β (E )) = D then it follows that ch 0 (H −1 β (E )) = R, ch 1 (H −1 β (E )) = C and ch 2 (H −1 β (E )) = D − m. From the definition of C oh −t −2 (P 3 ), we have the numerical results that:
and the χ t is the axis of symmetry of those parabolas defined by χ t if R = 0. The claim will follow from the results of the following three possibilities. (1) If R > 0, then f 1 (t ) := χ t (H −1 β (E )), and f 2 (t ) := χ t (H β (E )) are two parabolas and f 2 (t ) is a shift upwards by m from f 1 (t ) as shown in Figure 5 .
The inequality χ t (H −1 β (E )) = χ t (H 0 β (E )) = C + (t + 2)R + 0 corresponds to the region to the right of the dotted line. So the region for t satisfying the above in-
(2) If R < 0, then the proof is similar to case (1).
(3) If R = 0, then C > 0. We have in this case
The picture is shown as Figure 6 . A simple computation shows |AB | = m C ≤ m. Finally when m ≥ 3, 2m < m, so for all the possible cases, we have |AB | ≤ m, and the claim follows. 4.3. Boundedness of actual walls. We showed that for a fixed object E ∈ B t whose class is v, if E is a Gieseker stable sheaf, then E is Euler stable for u >> 0, and if E is a complex, then E is unstable (resp. doesn't exist) for u >> 0 (resp. t >> 0 or t << 0). So if we could show that the walls are bounded (on both u and t ) for the class v, then the unbounded chamber would be the Gieseker chamber. We show some partial results on the boundedness of walls in this subsection.
Firstly we expect the following proposition to be true:
Proposition 4.9. For the class v = (0, 0, m = ch 2 > 0, ch 3 ) ∈ K num (P 3 ), the actual walls are all from the bounded parts of the numerical walls (Type 1∼3).
If the proposition were true, then we would have a bound of the actual walls. This is because the bounded parts of the same type don't intersect, so the outermost wall would at worse consist of three pieces of type 1∼3. Using the fact 0 < χ t (A) < ch 2 , and the same trick in Prop 4.8, we have that the actual wall can at most cover a region R whose length is ch 2 + 2 2ch 2 . On the other hand, the center C = χ m is fixed for a fixed v. So we have that an actual wall satisfies |t − χ m | ≤ ch 2 + 2 2ch 2 . For any vertical wall, Prop 4.3 and 4.6 show that it can't be an actual wall for u >> 0. We expect that it is not an actual wall anywhere, and we have some partial results for the following claim: We found that if χ t (A) (the imaginary part of Z t ,u (A)) has two roots for t , then at the point u = 0, A will violate the generalized Bogomolov inequality which implies it's unstable. But we haven't managed to rule out when χ t (A) = 0 has no roots. In this case, there will be a very narrow region (on t ) in which the wall has a chance to be an actual wall (the vertical part in Figure 7 ).
THE DUALITY RESULTS
In this section, we show some duality properties of objects E ∈ D b (C oh(P 3 )) with class v = (0, 0, ch 2 > 0, ch 3 ) in both A t and B t . This section is motivated by work in [Mai10] for Gieseker stable sheaves and the duality results in [Mar17] for objects in D b (P 2 ). 
Proof. Let n := t . For E ∈ A t , it is quasi-isomorphic to a complex of vector bundles as:
[a 3 , a 2 , a 1 , a 0 ] op . For the stability, a direct computation shows that
where the derivative in χ −t (E D [1]) is with respect to the parameter "−t ".
A short exact sequence 0 → A → E → B → 0 in A t is essentially a sequence of complexes of vector spaces. Taking the dual of it, we have a dual sequence in A −t as 0 →
χ t be the slope function defined by the central charge. Then the numerical results above imply that for any object A ∈ A t , λ t (A) = −λ −t (A D [1]).
Now we have the following equivalence:
). So this implies that E ∈ A t is (semi)stable if and only if E D [1] ∈ A −t is (semi)stable, and this proves the claim.
Remark 5.4. For t ∈ R\Z, it can be easily checked that the generators O P 3 (− t − i )[i ] (i = 0, 1, 2, 3) are all mapped to the strict upper half plane by the central charge Z t :=
In particular there is no stable object E ∈ A t with phase 1, i.e. A t ⊂ P t (0, 1). So under the duality, (A t , Z t ) is sent to (A −t , Z −t ) as a stability condition with A −t ⊂ P −t (0, 1). The proposition (Prop 5.3) works for t ∈ Z as well but we need to modify the heart a bit. We will show it in the next remark (Remark 5.6).
Corollary 5.5. For any t ∈ R\Z, let P t (φ) (φ ∈ R) be the slicing such that the heart A t is given by P t (0 
Proof. It follows from the numerical fact in Remark 5.6. Proposition 5.3 and Corollary 5.5 actually work for t ∈ Z as well. If t ∈ Z, then the stability condition (A t , Z t ) is supposed to be sent to (A 1−t , Z −t ) by the duality. The pair (A 1−t , Z −t ) is not a stability condition because the stable (simple) objects O P 3 (−t − i )[i ] ∈ A t (i = 1, 2, 3) all have phase 1, and duality will send them to phase 0 in A −t which is not in the heart. This can be fixed by slightly tilting the upper half plane. The heart A t (t ∈ Z) is indeed a strict subset of P(0,1], and more precisely, A t = P(φ 1 , 1] where φ 1 = tan −1 ( 6 11 ). This is because Z t sends the generators O P 3 (−t ) to ( 11 6 , 1) and O P 3 (−t −i )[i ] (i = 1, 2, 3) to (− 1 3 , 0) or (− 1 6 , 0). So we just modify the heart to be P(φ,φ+1] as shown in Figure 8 (take t = 0 as an example). The new heart under duality is the heart P −t (−φ, 1 − φ] and this fixes the issue.
From Corollary 5.5, we have a duality result for the category B t .
Corollary 5.7. For the stability condition σ
Proof. Let P(0,1] = A t in terms of slicing of A t , then B t = P(− 1 2 , 1 2 ] by definition. The claim then follows from the duality of the slicing in Remark 5.5.
Corollary 5.8. For the stability condition σ t ,u = (B t , Z t ,u = −χ t + u 2 2 χ t + i · χ t ), the duality holds in the same way that E ⊂ P B t (0, 1)
Proof. The reason that E D ∈ B −t is the same with Cor 5.7 or Remark 5.5. For stability,
. So the claim follows in the same way as the proof in Prop 5.3.
WALLS FOR THE CLASS 3t ± 1
In this section, fix v = (0, 0, 3, −5) and its dual class v ∨ := (0, 0, 3, −4). Their Hilbert polynomials are 3t + 1 and 3t − 1. We give two potential walls for v in the (t , u) plane in section 6.1 and then prove that they are actual walls at u = 0 in section 6.2. Finally in section 6.3, we use the duality results to study walls for the dual class v ∨ . 6.1. Potential Walls in the "(t , u)" plane. Let E ∈ B t be a sheaf whose class is v. In [FT04] , the Gieseker moduli space M 3t +1 P 3 consists of two components. The general sheaves from those component are O C and L C E , where C is the twisted cubic and L C E is a degree 1 line bundle on the plane cubic curve C E .
For the stability condition σ t = (B t , Z t ,u ), there are two walls for those Gieseker stable sheaves defined by sheaves O P 3 and O Λ (where Λ ⊂ P 3 is a plane), i.e.
In the first sequence, the quotient object Q[1] has two possibilities. It can be either the shifted ideal sheaf of a space cubic curve I C [1] or a shifted sheaf F[1] containing torsion. The sheaf F fits into the short exact sequence 0 Figure 9 (the bounded parts). FIGURE 9. Walls for 3t + 1 6.2. Actual walls in A 1 . We will show that those potential walls are actual walls when u = 0. Figure 9 shows that the right end points of those walls both land in t ∈ (0, 1] which is the category A 1 . The sheaves O C and L C E are both in A 1 since they are 1−regular (Prop 1.8.8 [Laz04] ). We will prove that the objects O P 3 , O Λ , F 1 , Q[1] which define W 1 and W 2 are stable in A 1 , and then the claim will follow. 
The stability of O P 3 (it was also proved in [Mac14b] ) and O Λ in A 1 can be proved by checking all their subcomplexes. In fact, we have a more general result that W 1 and W 2 are the only possible walls in A 1 for sheaves E whose class is v.
Let E ∈ A 1 whose class is v. Its dimension vector is [1694]:
and the corresponding quotient is
Serre 
χ t denotes the slope function. So we can equivalently use King's notation of stability of quiver representations ( [Kin94] ).
Let θ := (−3, 2), and for any subcomplex F → Q[1] in A 1 whose dimension vector is
is a GIT quotient of the representation of the generalized Kronecker quiver K with dimension vector [2, 3] and stability condition θ. It's smooth of dimension 12 from [Kin94] and [Xia18] .
Next we show the stratification of K θ . Let x 0 , ..., x 3 be the coordinates of P 3 , and C • :=
→ 0] be a stable complex. Up to a base change, there are nine possibilities of M that make C • stable:
Among those matrices, (1) ∼ (8) correspond to ideal sheaves of space curves in Hilb 3t +1 P 3 (These were also shown in [Fre00] ). The matrix in (9) defines a shifted sheaf F[1], in which F contains torsion. F fits into the short exact sequence: 0 → O Λ (−3) → F → I P (−1) → 0, where Λ is the plane defined by x 1 = 0, and P is the point on Λ defined by x 1 = x 2 = x 3 = 0. Indeed, the set of all matrices of type (9) is the flag variety F l ag := {0 ⊂ C ⊂ C 3 ⊂ C 4 } which is smooth of dimension 5. So there are two strata on K θ : A smooth closed subvariety of dimension 5 parameterizing sheaves F, and its complement in K θ parameterizing the space curves whose 
Compare F 1 with the presentation (Koszul complex) of the skyscraper sheaf C P in A 1 :
[2] → 0 in A 1 , and F 1 is a complex whose cohomologies are: H −1 (F 1 ) = O Λ (−3), H 0 (F 1 ) = C P and H i (F 1 ) = 0 for i = −1, 0.
Prove that F 1 is the only stable object with the dimension vector [0231].
Assume that G is a complex whose dimension vector is [0231] in A 1 , and C • → G is a subcomplex whose dimension vector is [0, c, b, a]. The following result is from a direct computation:
(1) If a = 0, then λ t (C • ) > λ t (G) for any b = 0, 1, 2, 3, c = 0, 1, 2 and t > 0.1716.
(2) If a = 1, then λ t (C • ) < λ t (G) for any b = 0, 1, 2, 3, c = 0, 1, 2 and t > 0.1716. Next, we show that the matrix M has to be in the form: f 3 , 0, − f 1 0, f 3 , − f 2 , and this will prove that F 1 is the only stable complex with dimension [0231]. There are two O P 3 (−3) mapping to O 3 P 3 (−2), and the morphisms are rows in M . Assume the first row of M is (φ 1 , φ 2 , φ 3 ) (φ i 's are linear functions), and we have the diagram:
Firstly we show that φ i 's are linearly dependent. Let 〈 f 1 , f 2 〉 be the sub vector space of C[x 0 , x 1 , x 2 , x 3 ] 1 spanned by f 1 , f 2 . Since G is a complex, we must have φ 1 f 1 + φ 2 f 2 + φ 3 f 3 = 0. Consider the equation mod 〈 f 1 , f 2 〉, we haveφ 3f3 = 0 in the quotient space C[x 0 , x 1 , x 2 , x 3 ] 1 /〈 f 1 , f 2 〉. f i 's are linearly independent, sof 3 = 0. This impliesφ 3 = 0 and φ 3 = k 1 f 1 + k 2 f 2 for some k 1 , k 2 ∈ C. The equation now becomes φ 1 f 1 + φ 2 f 2 + (k 1 f 1 + k 2 f 2 ) f 3 = 0 and it simplifies to
Again, since f i 's are linearly independent, we have f 2 |φ 1 + k 1 f 3 and f 1 |φ 2 + k 2 f 3 . φ i 's and f i 's are all linear functions, so there is some k ∈ C such that φ 2 + k 2 f 3 = k f 1 and φ 1 + k 1 f 3 = −k f 2 . Now φ 1 = −k 1 f 3 − k f 2 , φ 2 = −k 2 f 3 + k f 1 , φ 3 = k 1 f 1 + k 2 f 2 , and they satisfy k 2 φ 1 − k 1 φ 2 + kφ 3 = 0. So φ i 's are linearly dependent.
Therefore up to a base change, we may assume φ 3 = 0, φ 1 = f 2 and φ 2 = − f 1 . The presentation of G becomes: If none of those φ i 's is zero, then we use φ 2 and φ 3 to eliminate φ 1 , and the diagram becomes:
This diagram exactly the presentation of F 1 , and we prove the claim.
Finally, we turn to the walls for the dual class v ∨ .
6.3. Walls for the class 3t − 1. We consider the class 3t + 2 instead.
The two general Gieseker stable sheaves are: (1) E = O C (P ), where C is a space cubic curve and P is a point on C .
(2) E = L C E , which is a degree 2 line bundle on a plane cubic curve C E . Their walls are given by the short exact sequences W 1 and W 2 below. They are in fact defined by the "derived dual" of W 1 and W 2 for the class 3t + 1.
where the subobject of E is the complex in the brackets.
where P is a point in the plane Λ.
The duality results show that W 1 and W 2 are the mirror images of W 1 and W 2 in the (t , u) plane. We have shown that W 1 and W 2 are actual walls at their right end points, so W 1 and W 2 must be actual walls at their left end points.
Suppose Proposition 4.9 were proved true, then W 1 and W 1 would be actual walls everywhere in the (t , u) plane since there is no possible intersecting of these walls.
For W 2 , we show that it's an actual wall at its right end point (it lands in A 1 ). Then Proposition 4.9 and W 2 being an actual wall at its end points will imply it's an actual wall everywhere.
We check the stability of the objects O Λ (−2)[1] and I P /Λ (1) in A 1 . The dimension vector of O Λ (−3)[1] is [0, 1, 1, 0], and [0, 0, 1, 0] is the only non-trivial subcomplex. It is straightforward to check that O Λ (−3)[1] is stable in A 1 for t ∈ (0, 1).
The dimension vector of I P /Λ (1) is [2, 8, 11, 5] . Assume that the coordinates of P 3 are
x, y, z, w, Λ is defined by {x = 0} and P is defined by {x = y = z = 0}. The presentation of
where the matrices are given as follows: dimension vector n and m dimension vector n and m [0, 0, 0, n] n = 1, ..., 5 [0, 1, n, 5] n = 9, 10, 11 [0, 0, 2, n] n = 2, 3, 4, 5 [0, 2, n, m] n = 6, 7, 8 m = 4, 5 [0, 0, 3, n] n = 2, 3, 4, 5 [0, 2, n, 5] n = 9, 10, 11 [0, 0, 4, n] n = 3, 4, 5 [0, 3, n, m] n = 7, 8, m = 4, 5 [0, 0, 5, n] n = 3, 4, 5 [0, 3, n, 5] n = 9, 10, 11 [0, 0, n, m] n = 6, 7, 8, m = 4, 5 [0, 4, n, 5] n = 9, 10, 11 [0, 0, n, 5] n = 9, 10, 11 [0, 5, n, 5] n = 8, 9, 10, 11 [0, 1, 3, n] n = 2, ..., 5 [1, 4, n, m] n = 6, 7, 8, m = 4, 5 [0, 1, 4, n] n = 3, 4, 5 [1, 5, n, 5] n = 9, 10, 11 [0, 1, 5, n] n = 3, 4, 5 [0, 2, 5, n] n = 3, 4, 5 [0, 1, n, m] n = 6, 7, 8, m = 4, 5 I direct computation shows that I P /Λ (1) is stable in A 1 (t ∈ (0, 1]) since no subcomplex from the above chart can destabilize.
7. THE WALL-CROSSINGS OF THE CLASS 3t + 1.
In this section, we study the wall-crossings for the class v = (0, 0, 3, −5). The last moduli space turns out to be the Gieseker moduli space which indicates that the last wall in A 1 is indeed the last wall in all A t and the unbounded chamber is the Gieseker chamber. The main technique to study the wall-crossings is the elementary modification. A similar process can be found in [Xia18] and [AB13].
In section 6, we found two actual walls in A 1 for a sheaf E whose class is v = (0, 0, 3, −5). 
There are two strata on the moduli space M 2 , and they are K (2,3) \H and M F . K (2,3) \H parameterizes the structure sheaf of space cubic curves C , and M F parameterizes those objects E which fit into the short exact sequence 0 → O P 3 → E → F[1] → 0. These objects E in fact satisfy another sequence as 0 → F 1 → E → O Λ → 0, where F 1 is the complex defined in the last section. The complex F 1 corresponds to a point (P, Λ) in the Flag variety H . Λ ⊂ P 3 is a plane but not necessarily the same with the plane Λ encoded in F 1 . A direct computation shows that
This implies that at the second wall W 2 , M W 2 = M 2 , and objects from the stratum K (2,3) \H stay stable while objects from M F become semi-stable. 7.5. Moduli space M 3 in C 3 . The above computation shows that the new stable objects in C 3 are from the extension: 0 → O Λ → E → F 1 → 0, in which the plane Λ in O Λ must be the same with the plane encoded in the complex F 1 . From the results: E xt 1 (F 1 , O Λ ) = C 9 and E xt 1 (F 1 , O Λ ) = 0 for Λ = Λ, when crossing the second wall W 2 , those objects E from the short exact sequence 0 → O Λ → E → F 1 → 0 will no longer exist and objects from 0 → O Λ → E → F 1 → 0 will survive. So when crossing the second wall W 2 , the stratum K (2,3) \H stays, and the P 3 bundle M F disappears with only the base H remaining. H then becomes a P 8 bundle over H .
Denote this bundle by P. We will start by studying this P 8 bundle P, and then glue it to K (2,3) \H using the elementary modification. The resultant moduli space M C 3 turns out to be the Gieseker moduli space M 3t +1 P 3 . 7.5.1. A description of P. We show in this subsection that P is the fibered space over P 3∨ whose fibers are M 3t +1 P 2 .
We have shown that a complex F 1 corresponds to a point in the flag variety: {P ∈ Λ ⊂ P 3 }. Indeed, this flag variety is the same with H since F 1 is the unique extension from F. Without loss of generality, we fix a complex F 1 in which Λ is defined by x 1 = 0, and the point P is defined by x 1 = x 2 = x 3 = 0. We will show that the vector space E xt 1 (F 1 , O Λ ) (up to a scalar multiplication) parameterizes plane cubic curves in Λ which go through P .
Let Λ be an arbitrary plane in P 3 , and we have the extension groups:
In the short exact sequence:
Apply the functor Hom(−, O Λ ) to the sequence:
have a long exact sequence of cohomologies: 
Back to the exact sequence
are two quadric curves in Λ. This is because x 1 = 0 on Λ, and the non-zero objects in This is exactly the set of all cubic curve in Λ that go through P .
So we have the following morphism:
and the fiber at a point (P, Λ) ∈ H parameterizes all the plane cubic curves in Λ that go through P .
Moreover, consider the morphisms
A point in P 3∨ corresponds to a plane Λ ⊂ P 3 , and the fiber over it in P parameterizes the pair {C , P }, where C ⊂ Λ is a plane cubic curve passing through the point P ∈ Λ.
So this fiber is the universal cubic curve C ⊂ |H 0 (P 2 , O P 2 (3))| × P 2 which is the Gieseker
This proves the claim that P is fibered over P 3∨ with the fibers M 3t +1 P 2 . It also matches the result in [FT04] that P is a component of the Gieseker moduli space M 3t +1 P 3 parameterizing line bundles on plane curves. 7.5.2. The elementary modification. We have shown that when crossing the second wall W 2 , the component M F disappears, and its base H is replaced by P. It's known ([FT04]) that K (2,3) \H and P are the components of the Gieseker moduli space M 3t +1 P 3 . So it is expected that P is glued to K (2,3) along the exceptional divisor of its blow-up B := Bl H (K (2,3) ) ).
There are some computations needed for this subsection, and we put all of them into the next lemma.
Lemma 7.1. Diagrams in (1) ∼ (5) are commutative.
Hom(E ,
In the diagram, "singular" and "smooth" means the support of E is singular or smooth.
0
Hom(E , F 1 )
Some notations: 3) where the morphism to the base is denoted by b. D denotes the exceptional divisor, and the restriction of b to the exceptional divisor is denoted by
• π H , π P and π D denote the projections:
• p, q are the projections:
• Two universal families: (1) U F 1 on H × P 3 as the universal family of complexes F 1 .
(2) U O Λ on P 3∨ × P 3 as the universal family of planes in P 3 .
Proposition 7.2. There exists a universal family of extensions on H of the form
Proof. Let L be the line bundle L := Ext 1 π H (p * (U O Λ ),U F 1 ) * on H . From the part (6) in Lemma 7.1 and our assumption, we have that 
This implies that N H |K (2,3) = C 7 → E xt 1 (F 1 , O Λ ) = C 9 for all points E ∈ H . Correspondingly, we have the embedding D = P(N * H |K (2,3) ) → P := P(Ext 1 π H (U F 1 ⊗ π * H L,U O Λ ) * ).
The following result shows that the dimension of the the moduli space M 3 along the exceptional divisor D is one more than the dimension of P\D. This indicates the expected gluing at least set theoretically. The proof is almost the same with Proposition 4.10 in [Xia18] using the results in diagram (5) from Lemma 7.1.
Proposition 7.4. If F ∈ P(N * ), then the morphism E xt 1 (F, F ) → E xt 1 (O Λ , F 1 ) = C (from diagram (5) in Lemma 7.1) is non zero. If F ∈ P\P(N * ), then the morphism E xt 1 (F, F ) → E xt 1 (O Λ , F 1 ) = C is zero.
Finally in this section, we show the gluing of B and P using the Elementary modification.
(1) Construct a universal family K on the blow up.
There are three distinguished triangles (a),(b),(c) involved (the third one is from the composition of the first two). The octahedral axiom would give the fourth triangle.
AN EXAMPLE OF AN ACTUAL WALL BUILT UP FROM PIECES.
The two walls for the class 3t + 1 in B t are not intersecting, and they are supposed to be actual walls everywhere. However, it is not always the case on a threefold ([Sch16] [JM19]), and we give a counter-example in this section.
Let C ∈ P 3 be the rational quartic curve. The wall for O C is expected to contain two pieces which are the outermost parts of these two walls: Figure 11 ) Figure 11 ) where Q is a quadric surface Q ⊂ P 3 containing C . Proof. The proposition follows from the following bullets:
• W 2 is an actual wall at (0.5, 0).
It is sufficient to show the stability of O Q and I C /Q [1] at (0.5, 0). We prove the stability of these objects in A 1 . • W 2 is an actual wall everywhere.
Firstly, O Q is semi-stable at S and stable to the right of S along W 2 . The is because the wall for O Q is 0 → O P 3 → O Q → O P 3 (−2)[1] → 0, and O Q is stable on the right.
So if W 2 is not an actual wall at some point, then is will be caused by I C /Q [1] being unstable. W 2 will then break somewhere and then another wall W comes in. The new wall W will land in A 1 as well. But there is no quotient object of I C /Q [1] = [0, 3, 4, 1] whose numerical wall can intersect W 2 . So this implies that W 2 is actual wall everywhere.
• W 3 can't be an actual wall.
It can be checked immediately that O Q is not in the category A −1 , which means W 3 can't be an actual wall at the left end point (−1, 0). Moreover, O Q is unstable along W 3 since it is destabilized by O P 3 .
Remark 8.2. We expect that the actual wall to the left of S is W 1 defined by 0 → O P 3 → O C → I C [1] → 0, but we still need the stability of objects or some arguments on intersecting of walls.
